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Chapter 6

Abstract

Maximisation of growth rate is an important fitness strategy for bacteria. Bacteria can
achieve this by expressing proteins at optimal concentrations. This is exemplified in
Escherichia coli by the covariation of its ribosome protein-fraction with growth rate.
It increases with growth rate and precisely matches the increased protein synthesis
demand. These findings and others have led to the hypothesis that E. coli likely aims
to maximise its growth rate in environments that support growth. Such a regulatory
strategy is evolutionarily advantageous for fast-growing bacteria in general and is
expected to have been under strong selective pressure. In this chapter, we address
two questions: i) How does E. coli manage to match its ribosomal synthesis exactly to
its metabolic demand by regulation of transcription and enzyme activity, in a way
that is robust across environments? and ii) Should we expect other fast-growing
bacteria to exploit similar control strategies? We analyse E. coli’s ppGpp-controlled
mechanism for partitioning protein expression over catabolic and anabolic activities.
We show that this mechanism maintains the ribosome saturated with its substrates
across conditions. In this manner, overexpression of this highly abundant protein is
prevented and limited resources can be redirected to the synthesis of other growth-
promoting enzymes. This strategy brings E. coli close to its growth rate maximum. It
turns out that the kinetic conditions for robust, optimal protein-partitioning leading
to growth rate maximisation across conditions are very simple to achieve with basic
biochemical interactions. We expect to find this control logic implemented across fast-
growing microbial species for the following three reasons: i) growth rate maximisation
is a common selective pressure, ii) translation proteins (ribosomes) are expected to be
highly abundant, and iii) the control problem is easily implemented by a gene control
system that senses and steers metabolism.

6.1 Introduction

Bacterial growth rate and its relation to cellular protein economy

Bacterial growth rates vary greatly with conditions. Doubling times range from tens
of minutes to tens of hours. Evolutionary reasoning indicates the importance of the
maximisation of bacterial growth rate. In environments that support growth, the
growth rate of a bacterium equates directly to fitness [145] as it allows for outgrowth
of competitors. Even during irregular feast-famine fluctuations growth rate remains
important, as it gives rise to more offspring and spread of genetic diversity.

Bacteria adjust their growth rate by adapting their metabolism. Recent experimen-
tal [27, 28, 55, 146] and theoretical work [15, 147, 148], inspired by studies done
decades ago [101, 149, 150], indicate the importance of the covariation of the bacterial
protein composition with growth rate. It turns out that reasoning about the “protein
economy” of a bacterial cell provides an intuitive framework that relates growth rate
changes to the regulation and kinetics of metabolic reactions. Yet, it remains poorly
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Optimal regulation of ribosome expression

understood how bacteria perceive and adjust their growth rate by regulation of gene
and metabolic activity.

Since every cell doubles its content (mass) and volume during one generation
(cell cycle), the doubling time is set by the synthesis rates of energy and precursors
(catabolism) and their conversion rates into the macromolecules that make up a cell
(anabolism). At steady-state exponential growth, the macromolecular content and
volume of a bacterial cell increase exponentially with time at an equal rate, i.e. the
exponential growth rate, which is inversely proportional to the doubling time. All
concentrations remain fixed and cell growth occurs at (metabolic) steady state. The
relative concentration of proteins depends on the rate at which they are synthesised
by the ribosome. The cell can thus adjust these by regulation of gene activity.

Biochemistry indicates that generally the rate of a metabolic reaction is propor-
tional to the concentration of the catalysing enzyme. So, a higher growth rate can be
attained by increasing the concentrations of all the catabolic and anabolic enzymes.
However, the total protein content of a bacterial cell (defined as protein mass per cell
mass) hardly changes across conditions [151]. Large variations in protein content
would likely cause adverse osmotic effects, and in any case, only a limited amount of
enzyme fits in a single cell. Moreover, the synthesis of proteins is also costly from a
metabolic perspective: about 50% of the dry mass of a cell is protein and about 95%
of the energy generated by metabolism is used for protein synthesis [152]. Hence, the
total protein content (relative to the total mass) of a cell is limited, and expression of
anabolic enzymes is at the expense of expressing catabolic enzymes, and vice versa.
Another biochemical fact is that enzyme rates increase with the concentration of their
substrates. From an economic perspective it is thus advantageous to ensure enzymes
are saturated with their substrates as much as possible, as this means that less protein
is needed to attain the same rate. Together, this implies that growth rate changes, and
its maximisation, require regulation of protein expression to re-partition the cellular
protein content over metabolic reactions and attain a high average degree of enzyme
saturation with substrate. Management of the protein economy by bacteria is thus
central to understanding strategies for growth rate regulation.

The importance of protein economy for growth rate maximisation is supported by
three types of experimental findings. Firstly, the growth rate “cost” of enzyme excess is
illustrated by observations that the growth rate decreases upon non-functional protein
synthesis, and that this decrease is linear with the non-functional protein fraction
[25, 41, 147], which is predicted by theory [68, 147]. Secondly, the concentration
of each functional protein should be precisely tuned [37, 68]. This has been found
for several metabolic enzymes in E. coli [23, 153, 154] and Lactococcus lactis [155–
157]. These latter studies report that the relation between the growth rate and a
metabolic enzyme concentration displays a maximum and that the wild type growth
rate is close to this maximal value. These two types of studies have so far only
been done for a limited of number of metabolic enzymes and at saturating nutrient
concentrations (at maximal growth rate). Therefore, it is too early to draw any
general conclusions, but nonetheless these studies are highly motivating. Thirdly,
evolutionary experiments show the prevention of the synthesis of unneeded costly

121



Chapter 6

protein for a general stress response of E. coli [158] and the loss of excess protein in
yeast glycolysis [159]. However, chemostat studies indicate a remarkable degree of
protein excess of glycolysis at low growth rates in Bacillus subtilis [160], L. lactis (Goel,
unpublished), and Saccharomyces cerevisiae [161]. This could be due to the fact that
microorganisms hardly encounter chemostat-like growth conditions in the wild and
that they tend be optimised more for feast and famine conditions rather than for sub-
saturating nutrient conditions. Alternatively, efficient regulation of glycolysis during
glucose dynamics may require enzyme excess. This is supported by evolution of S.
cerevisiae in glucose-limited chemostats where enzyme overexpression in glycolysis
reduces [159]. In any case, trade-offs can occur in metabolism that prevents the
optimal tuning of all metabolic enzyme levels and the tuning of abundant proteins
appears a potent evolutionary strategy.

One can imagine that the control task to precisely tune the concentrations of all
proteins may be too hard to solve for the cell. It turns out that this is also not required.
What is intuitively clear is that near-maximal growth rates can be achieved by carefully
tuning only the most abundant proteins. Compare a protein that is 50% of total cellular
protein and 10% in excess with another protein that is 5% of total and also 10% in
excess. Thus, the former protein should be 45% and therefore 5% of total protein is
wasted, whereas in the latter case this amounts to only 0.5%. So, tuning abundant
proteins liberates most proteins for acceleration of other reactions. Evolution of
regulatory systems that achieve tuning of abundant protein concentrations is therefore
strongly selected for. (We will argue later that this is the task of the ppGpp-regulatory
system in E. coli.) This intuition is supported by recent theoretical work, which
indicates that abundant proteins have the highest influence on growth rate [68].
The translation machinery, including the ribosome and elongation factors, is the
functional class with the largest protein fraction in E. coli at maximal growth rate
([138]; between 20-40% depending on growth conditions). We expect this to be
case for fast-growing bacteria in general [27, 162, 163]. Due to its already high
abundance, ribosome concentration is thus expected to be tightly regulated. Indeed
E. coli follows this strategy: it maintains its active ribosomes (⇡ 80% of total, the
remainder is presumably maturating [147]) active at over 80% of their maximal
activity (⇡ 20 aa

sec⇥ribosome [151]) over a range of growth rates [27]. As a result, the
ribosome protein-mass fraction increases linearly as function of growth rate, which
is a well-known relation for E. coli [27, 55, 101, 150, 164]. This behaviour has led to
the view that E. coli aims to maximise its growth rate across conditions as nearly all
ribosomes expressed are used [52, 150, 164]. We support this view. However, direct
experimental illustrations of optimality of the ribosomal concentration are regrettably
still scarce; partially because such experiments are not straightforward. The most
direct evidence that we are aware of is by Bollenbach et al. [26]. They manipulated
ribosome expression by deleting either ribosomal operons or RelA and SpoT (the
genes responsible for regulation/inhibition of ribosome expression, see below), and
found that wild type expression maximises growth rate. One caveat is that they
did not measure ribosome concentration directly. However, assuming that ribosome
concentration positively correlates with ribosome operon number, this experiments
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Optimal regulation of ribosome expression

indicates optimisation of the ribosome concentration.
Together, this leads to a surprisingly simple view on the relation between the global

protein economy - i.e. the partitioning of resources between catabolic and anabolic
processes - and growth rate. One that agrees with experimental findings [27] and
is supported by mathematical models [15, 147]. When nutrients are scarce, nutrient
uptake and assimilation are substrate-concentration limited and high catabolic protein
concentrations are required to attain high rates of these processes. This occurs at
the expense of protein investment in anabolic processes. As a consequence, the rate
of protein synthesis decreases, it takes longer to double the cellular protein content,
and the growth rate decreases. When nutrients are in excess, nutrient uptake and
assimilation reactions are saturated and require less protein to attain the same rate,
such that a larger fraction of total protein synthesis can be diverted to the translation
machinery (i.e. ribosomes), the protein synthesis rate increases and an increased
growth rate follows. A coarse-grained optimisation model of whole-cell metabolism
and protein synthesis [15] reproduces these findings. Detailed models based on
different modelling formalisms achieve the same result [148, 165]. Ehrenberg et al.
[166] discuss in more detail the molecular order of events during growth rate changes.

Earlier work has considered the growth rate optimisation hypothesis from several
theoretical perspectives. Kjeldgaard and Maaløe reasoned about optimality, given
the high degree of substrate-saturation of ribosomes and the linear relation between
ribosome fraction and growth rate [164]. Ehrenberg and Kurland [52] analysed what
the consequences of optimality are for the error rate of translation and deduced
the linear relation from this perspective. Tǎnase-Nicola & ten Wolde studied the
optimisation of abundance of regulatory proteins. They identify a trade-off between
the cost of synthesizing the regulatory proteins and the benefit of reducing the
fluctuations in the network they controls [167]. Others studied the consequences of
growth rate optimisation for the protein economy of bacterial cells [37, 55, 138, 146,
148, 165]. Molenaar et al. [15] tested explicitly the protein economy hypothesis as
function of growth rate. Finally, the global metabolic state of the cell at maximal
growth rate has been characterised recently from a theoretical perspective [37, 72].
So, given both experimental and theoretical work, growth rate maximisation by E.
coli has turned into a decades old persistent hypothesis for which (circumstantial)
evidence continues to pile up. Yet, how bacteria can optimise their growth rate is
unclear: “Which internal variables should they sense?”, “Which feedback designs are
required?”, and “How rapidly would we expect those to evolve?”.

How E. coli regulates the expression level of its ribosomes

E. coli tunes its ribosome concentration via the alarmone molecule ppGpp (Figure 6.1).
ppGpp is synthesised from GTP by two synthetases, SpoT and RelA [168, 169]. SpoT
synthesises ppGpp in response to stresses and nutrient limitations [168]. RelA binds
to ribosomes and converts GTP into ppGpp when the ribosome has an uncharged
tRNA bound to its A-site (Figure6.1C) [168]. This signals shortage of the cognate
amino acid [166].
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(a)

(b) (c)

Figure 6.1. E. coli’s mechanism for regulation of its ribosome concentration and matching of its ribo-
some demand. A. Coarse-grained perspective on the coupling of catabolism and anabolism and the
ppGpp-mediated control of catabolic and anabolic gene activity. B. Model of E. coli growth. Amino-acids
are synthesised by m-proteins at a rate vai , which depends on the environmental condition and the m-
protein concentration. These amino-acids are used to charge their conjugate tRNA’s. Charged tRNA’s
subsequently bind to ribosomes, which link the amino acids to a growing peptide chain that eventually be-
comes the new protein. The growth rate is proportional to the total protein synthesis rate. C. Model of
the regulation of ribosome expression. When the concentration of an amino acid is low, the concentra-
tion of its cognate uncharged tRNA is high. When this uncharged tRNA species binds to the ribosome,
RelA produces ppGpp. Alternatively, ppGpp can be produced by SpoT. ppGpp can divert RNA poly-
merase from ribosomal operons to catabolic operons. This reduces translation of ribosomal proteins,
increases catabolism, and so restores the synthesis of the limiting amino acid. See main test for additional
information.

ppGpp is known to have additional effects, such as the up-regulation of
amino-acid biosynthesis, glycolysis, and stress-related genes [168]. Regrettably, those
mechanisms are less well understood than its inhibitory influence of ribosomal pro-
moter activity. For our purposes its effect on ribosomal promoter activity, the
so-called stringent response, matters most [166]. ppGpp interacts with s

70-RNA poly-
merase in synergy with the protein DskA and together they preferentially inhibit
transcription from ribosomal promoters [169] (Figure 6.1C). As a result elevated
ppGpp concentrations will cause a drop in ribosome levels.

The outcome of ppGpp and DskA regulation of ribosomal promoters is that more
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s

70 programmed RNA polymerase becomes available. This leads to an increase in
catabolic gene expression in two ways. More s

70-RNA polymerase for use on catabolic
operons [166]. Moreover, reduced investment in ribosome synthesis also frees up
ribosomal capacity for the synthesis of catabolic proteins. This leads to an enhanced
catabolic activity, compensating for the reduced amino-acid level that initiated ppGpp
accumulation. The catabolic operon that corresponds to the limiting amino acid is
repressed - often by relief of direct transcription inhibition by the amino acid - and
will therefore display preferentially an enhanced activity. Also, other promoters that
are likely already poised for transcription, e.g., have activating transcription factors
bound, increase in activity. So, a global increase in catabolic activity results and
growth rate balances to a new lower steady state value [166]. Finally, the ppGpp
level decreases again when the catabolic and ribosomal activities match the growth
condition. Several other proteins also play a role, such as Fis and H-NS active at
ribosomal P1 promoters [166, 170]. This describes in a nutshell how E. coli regulates
its protein composition upon changes in conditions to tune its growth rate [166].

The regulatory role of SpoT is also associated with induction of nutrient limitation
responses; however not to amino acid limitations [168]. This is understandable as
limitation of other growth-required elements that cannot be inferred at the level of
uncharged tRNA, such as carbon, phosphate, sulphate, and energy, should also lead
to growth rate reductions and repartitioning of cellular protein at the expense of the
ribosomal fraction. Since the activity of SpoT is less well understood than that of
RelA, we mainly focus on the role of RelA in signalling amino-acid deficiencies in our
modelling efforts. SpoT is however always required to hydrolyse ppGpp into GTP
[168].

6.2 Results

In-silico, numerical optimisation of the ribosome protein fraction
recovers its proportional relation to growth rate

First, we characterise the dependency between ribosomal content and growth rate
when growth rate is maximised using a detailed kinetic model of amino-acid biosyn-
thesis and translation. It incorporates the tRNAs, their binding to amino acids, and
subsequent “charging” by a tRNA-synthetase. The resulting charged tRNA-amino
acid complex is consumed during translation, producing an uncharged tRNA that
can be used again (Figure 6.1(b)). The net translation rate of the ribosome is ex-
pressed in terms of the: i) the elongation rate constant, ii) the amino acid fractions in
cellular protein and iii) the concentrations of charged tRNAs. We consider metabolic
steady state where each amino acid production rate equals its translation rate multi-
plied by the amino acid fraction of total cellular protein. We refer to the Materials and
methods section and Appendix 6.A for a full mathematical description of the model.
We obtained the kinetic parameters from the literature (cf. Table 6.1) and emphasise
that none of the parameters were fitted.
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At balanced growth, the growth rate (µ) is defined as the net translation rate (vribo)
divided by total cellular protein concentration (etot) (Figure 6.2) [166]. We numerically
maximised this quantity by optimising the concentrations of amino-acid biosynthesis
enzymes and the ribosome concentration under the constraint of a fixed total cellular
protein concentration and a metabolic steady state. We performed this optimisation in-
silico, as function of an increasing nutrient quality, which we modelled by increasing
the intrinsic rate constant of amino-acid biosynthesis (a multiplication factor of the
amino acid biosynthesis rate). We note that across conditions two factors in the
ribosome catalysts rate vrib can change: the ribosome concentration (r-protein/total
protein) by way of gene expression and the (substrate) saturation function ( f (ta),
where ta is the concentration of charged tRNA) by changes in the concentration of
(un-)charged tRNA’s. An increase in ribosome concentration will always cause a
decrease in the saturation function, because expression of ribosomes comes at the
expense of expression of catabolic genes and will thus decrease the production rate of
amino-acids.

We found that the maximised value of the growth rate and the optimal ribosome
value increased in proportion when the nutrient quality was increased. This is in
agreement with the experimental data discussed above (Figure 6.2). In addition,
by reducing the elongation rate constant of the ribosome, to simulate translation
inhibition by chloramphenicol, we could reproduce the experimental findings of Scott
et al. [27]. This does not constitute definite proof that E. coli maximises growth rate,
only that it achieves minimisation of its ribosome excess. An E. coli that is optimal
would have all enzyme concentrations optimised. However, because the ribosome is
such an abundant enzyme, optimisation of its concentration should bring E. coli close
to optimality.

This brings us to the next question: is the ppGpp regulatory mechanism of E.
coli capable of optimising the ribosome concentration? We address this question by
extending the mathematical model with the kinetic description of ppGpp synthesis
and ribosomal transcription control.

ppGpp-mediated regulation optimises ribosome protein fraction
equally well as in-silico, numerical optimisation

One interpretation of the mode of action of RelA is that it “measures” ribosome over-
or under expression: when ribosomes are in excess amino acids are low, uncharged
tRNA is abundant and binding of uncharged tRNA to the ribosome causes RelA ac-
tivity. Upon RelA-mediated ppGpp production, the ribosome concentration is
reduced by ppGpp-mediated inhibition of transcription of ribosomal genes. Con-
versely, when too few ribosomes are available, amino-acids accumulate, free tRNA is
low, causing reduced ppGpp synthesis and an increased ribosome synthesis. The net
outcome is that the ppGpp control system has the tendency to keep the ribosome sat-
uration degree (0  f (ta)  1) fixed. As long as it achieves this at high saturation
values of the ribosome ( f (ta) ' 0.8), the expressed ribosomes are maximally used
and close to optimal behaviour is achieved. We emphasise that the constancy of f (ta)
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Figure 6.2. Growth rate maximisation reproduces the experimentally observed linear relation between
ribosome mass fraction and growth rate. A. The equation expresses growth rate (µ), defined as the rate
of protein synthesis (vrib) divided by total cellular protein, in terms of the ribosome protein fraction
(r-protein/total protein) [27, 151, 166]. It indicates that the linear r-protein/total-protein vs µ relation is
achieved when the ribosome’s catalytic rate constant (krib) and saturation function ( f (ta), where ta is the
concentration of charged tRNA) remain fixed across conditions. B. Data adapted from Scott et al. [27].
It indicates the linear relation between ribosome mass fraction and growth rate of WT and two mutant
strains that differ in their values of krib (blue, red, and green circles), where the growth rate was altered by
growing the cells on growth media of different nutritional quality. The growth rate the WT cells was also
altered by addition of increasing doses of the translation inhibitor chloramphenicol (purple squares). In
order to compensate for the reduction in translation rate, this leads to a linear increase in the ribosome
concentration with reducing growth rate. C & D. Simulation results obtained with the two kinetic models
for translation: (C.) Numerical optimisation of amino-acid synthesis and translation (without ppGpp
control) using a mathematical algorithm and (D.) the “self-optimisation model” with ppGpp control. We
emphasise that the linear relation is not hard-coded in the kinetic equations because the ribosome has
saturable kinetics for its substrates. At low growth rates, the ribosome saturation degree decreases, leading
to a slightly increased ribosome requirement per unit growth rate and a small deviation from optimality.

leads to the linear relation between the ribosomal protein fraction and the growth
rate.

Next, we added the kinetic description of ppGpp regulation to the mathematical
model (described in Appendix 6.A) and asked whether the resulting self-regulating
model indeed optimises the ribosome content; hence, without the use of a numerical
optimisation algorithm. Figure 6.2B indicates that it does. Across conditions the
behaviour of the self-regulating model leads to ribosome concentrations that optimise
the growth rate. We consider this to be one of the main findings of this study. An
exception is at low growth rates, where the saturation of the ribosome decreases
and relatively more ribosomes are required per unit growth rate. Also, this latter
behaviour is found experimentally [147, 171]. However, we do not claim that the
origins of the deviation from optimality in the model is the only factor in E. coli.
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In Figure 6.3, we compare several model predictions with experimental data from
different sources. A prediction of our model is that, upon a downshift from a rich
medium to a slightly less favourable one, there will be a large increase in ppGpp
synthesis. As a result of this, ribosomal levels decrease and amino-acid synthesis is up-
regulated, leading to an increase in tRNA charging and a decrease in ppGpp levels. So,
upon a downshift we expect a large transient increase in the ppGpp level after which
it will decrease, as the ribosome concentration is adjusted to the new environment;
finally reaching a concentration close to before the downshift (Figure 6.3A, solid line).
Indeed, such transient increases in the ppGpp level, followed by a slower decrease,
have been observed in experiments [172] (Figure 6.3A, grey circles). Similarly, upon
a nutritional upshift there is strong repression of ppGpp synthesis (Figure 6.3B),
leading to maximal ribosome synthesis rates, until the ribosome concentration settles
on its new, higher level. Again, this is consistent with experimental observation that
a nutritional upshift causes a (nearly) immediate increase in the rate of ribosome
synthesis [173] (also see [174]). We also expect a slight decrease of steady state ppGpp
levels with increasing growth rate, since higher ribosome concentrations require a
higher rate of ribosome synthesis (Figure 6.3C). This is, yet again, consistent with
experimental observations on the relation between growth rate and ribosomal content
[151]. Finally, we note that these model results are also consistent with the observation
that increased rRNA gene-dosage does not significantly increase rRNA transcription
[175], and that the feedback mechanism partially compensates for rrn-operon deletion
(Figure 6.3D and [26]).

Summarising, from Figure 6.2B we conclude that the likely control objective of
the ppGpp system is to maintain the ribosome saturation degree high by matching
the ribosome concentration to its demand and that it achieves this robustly across
conditions. The next question is how does it achieve this? What are the essential
kinetic requirements for this optimising behaviour?

The essence of the ppGpp-regulatory mechanism

To be able to extrapolate the previous results to fast-growing bacteria in general,
we need to determine the requirements for optimal regulation. First, we analyse
the mechanism of the full model and then we simplify this model to its essential
behaviour in the next section. It is the biochemical complexity of this latter model that
will allow us to speculate on the evolvability and prevalence of this optimal network
motif across fast-growing bacteria. If it is simple then we expect this regulatory motif
to occur across fast-growing bacteria, likely by way of parallel evolution.

In Figure 6.4, we illustrate the compensatory response of the ppGpp regulatory
system to deviations of the ribosome protein fractions from optimality to restore
optimal behaviour. We consider three nutrient quality conditions.

Figure 6.4 is informative from two perspectives. Firstly, it indicates the response
of the system when the ribosome concentration is removed from its optimal value.
This leads to ppGpp synthesis (or degradation) with a synthesis rate proportional
to the concentration of the uncharged-tRNA/ribosome complex. The resulting in-
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Figure 6.3. The self-regulation model of protein synthesis incorporating ppGpp control reproduces
experimental data. A. Our model predicts increased ppGpp synthesis upon a nutrient downshift. Next,
ribosomal levels decrease and amino acid synthesis is up-regulated, leading to an increase in tRNA
charging and ppGpp levels decreases. So, upon a downshift (be it small or large) we expect a large transient
peak in the ppGpp level, finally reaching ppGpp concentrations close to before the downshift. Indeed, such
transient increases in the ppGpp level, followed by a slower decrease, have been observed in experiments
[172]. B. Similarly, upon a nutritional upshift there is strong repression of ppGpp synthesis, leading to
maximal ribosome synthesis rates, until the ribosome concentration settles on its new, higher level. Again,
this is consistent with experimental observations that a nutritional upshift causes a (nearly) immediate
increase in the rate of ribosome synthesis [173]. C. We also expect a decrease of steady state ppGpp levels
with increasing growth rate, despite the fact that after a nutritional shift the ppGpp concentration returns
to a level similar to before the shift. The steady state ppGpp concentration should decrease with increasing
growth rate, since higher ribosome concentrations require a higher rate of ribosome synthesis. This is,
yet again, consistent with experimental observation on the relation between growth rate and ribosomal
content [151]. D. Finally, we note that these model results are also consistent with the observation that
increased rRNA gene-dosage does not significantly increase rRNA transcription [175] and that the feedback
mechanism partially compensated for rrn-operon deletion [26].

creased (or decreased) ppGpp concentration inhibits (or activates) transcription of
ribosomal genes such that the growth rate decreases (or increases). The steady state
of the entire system, where the synthesis and degradation rate curve intersect in Fig-
ure 6.4D, is exactly at the optimal ribosome concentration where the growth rate is
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maximal. We emphasise the ultrasensitivity of the uncharged-tRNA/ribosome com-
plex concentration with respect to a deviation from optimality, and its propagation to
the ppGpp concentration and eventually to the regulation of the ribosome synthesis
rate. Below, we will address the origin of the behaviour using a reduced model. Since
the dependence of ppGpp on the deviation from optimality is so steep, simple first-
order inhibition of ribosome transcription by ppGpp (no Hill coefficients; i.e. vsynth µ
(1 + [ppGpp]/KI,ppGpp)

�1) suffices. Another consequence is that there exists a large
range of ppGpp concentration that correspond only to small deviations form the op-
timum. Hence, the strength of ribosome synthesis inhibition by ppGpp (quantified
by KIppGpp) does not need to be precisely tuned to attain optimal regulation, which
makes the system very robust.

Secondly, Figure 6.4 indicates the response of the system to a change in nutrient
quality that leads to a growth rate change. Consider the nutrient upshift from a
nutrient of medium quality (orange lines) to the good nutrient (red line). As soon
as the nutrient is changed, the uncharged-tRNA/ribosome complex concentration
and ppGpp will drop; the time that this takes will be in the order of seconds to
minutes (Figure 6.3A). This causes an increase in ribosome synthesis, as a result
the uncharged-tRNA/ribosome complex concentration increases, and ppGpp rises
until the ribosome transcript level has achieved steady state. At this steady state,
the ppGpp and uncharged-tRNA/ribosome complex concentration have slightly
increased and the growth rate has increased to its new maximal value.

In the appendix (Figure 6.6) we show the remarkable robustness of the optimal
behaviour with respect to all regulation-related parameters of the model. All of these
can be changed about 5 to 10-fold in either direction without causing any substantial
deviation from optimality. This robustness arises mostly from the ultrasensitivity of
the ppGpp system. This can be considered as an experimentally testable prediction
of our model: moderate changes in e.g., the RelA concentration should not affect
the (steady state) growth rate and ribosome levels. Interestingly, other potential
signals for ribosome efficiency, such as the total concentration of charged tRNA or
the intracellular amino-acid concentration, do not exhibit the same ultrasensitive
behaviour as the uncharged-tRNA/ribosome complex (Figure 6.7), and hence are not
as robust signals.

In the next section, we will explain the origin of the ultrasensitivity of the
uncharged-tRNA/ribosome complex, the lack of this ultrasensitivity of other signals
relating to ribosome efficiency, and that this is a feature of the optimality of the
metabolic system.

A reduced model that captures the kinetic requirements for optimal
enzyme levels

We will use two reduced models to highlight key features of the ppGpp-regulatory
system in E. coli that contribute to optimal expression of ribosomes and the robust-
ness of this behaviour as function of conditions. The first model explains the occur-
rence of ultrasensitivity and illustrates that simple negative feedback regulation of
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Figure 6.4. The compensatory response of the ppGpp-regulatory system upon nutrient changes and
deviations of the ribosome concentrations from optimality. We computed the quasi-steady state response
of the system to deviations from optimal ribosomal protein fractions (indicated by vertical grey lines) for
three different nutrient conditions. A. Cellular growth rate as function of the ribosome fraction for three
different nutrients conditions. The optimal growth rate and ribosome protein fraction together form the
linear relation that was discussed above. B. The concentration of the complex uncharged-tRNA/ribosome
responds ultrasensitively to deviations from optimality. The other tRNA species and the total amino acid
concentration do not show this sensitivity behaviour (see Figure 6.7) explaining the advantage of using the
uncharged-tRNA/ribosome complex as a signal. C. ppGpp synthesis is proportional to the uncharged-
tRNA/ribosome complex concentration and therefore also responds ultrasensitively to deviations from the
optimal ribosome fraction. D. Response of ribosome-protein synthesis and degradation (grey line) rates
(relative to the total protein synthesis rate) to changes in ppGpp concentration. The system is in steady state
when these rates are equal, i.e. where the curves intersect. Note that the regulation of ribosome synthesis
always pushes the system back to optimal levels: if ribosome is too low, synthesis exceeds degradation and
vice versa.
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transcription by a metabolic intermediate suffices for optimality. The second model
explains why the uncharged-tRNA/ribosome complex is the best signal of to mea-
sure a deviation from optimality. A full mathematical description of these models can
be found in Appendix 6.B.

The first model (Figure 6.5A) considers two enzymes in sequence. The first
enzyme, M1, represents metabolism and produces a metabolic intermediate X, repre-
senting the amino-acid pool, at a rate v1. The second enzyme, M2, represents the
translation machinery and consumes X at a rate v2. X inhibits the first enzyme with
inhibitory constant KI1 (i.e. v1 µ (1 + [X]/KI1)�1) and activates the second enzyme
with Michaelis Menten constant KM2 (i.e. v2 µ [X]/([X] + KM2)). The steady state
flux through the pathway, J is defined as the state where of the two fluxes balance:
J = v1 = v2, and it represents the rate of biomass formation in balanced growth. The
aim is to maximise J by optimisation of the enzyme concentrations [M1] and [M2]
under the constraint of a maximal enzyme concentration ([M1] + [M2] = [Mtot]).

Clearly, the highest flux is attained if the inhibition of enzyme 1 is negligible, i.e.
[X] ⌧ KI1, and if enzyme 2 is saturated with substrate, i.e. [X] � KM2. From this we
can conclude that a large KI1/KM2 is very favourable. As long as KM2 ⌧ [X] ⌧ KI1,
both enzymes are operating close to their maximal rate. Interestingly, there exists
an approximately 100-fold difference between the feedback inhibition constant for
amino acid synthesis and the KM for the ternary complex [176] indicating that this
condition is met by E. coli. When this condition applies: i) the rate of the second
enzyme becomes nearly insensitive to [X] and therefore v2 ⇡ k2[M2] with k2 as
the catalytic rate constant of enzyme 2 and the flux is proportional to [M2]/[Mtot]
(Figure 6.5B), a similar proportional relation as found for E. coli’s growth rate and
ribosome fraction, and ii) a large change in [X] is required to change the enzyme
rates (Figure 6.5C). The latter condition is the basis for the ultrasensitivity of [X] with
respect to deviations of [M1] and [M2] from optimality: a small change in flux due to
a change in one of the enzyme concentrations or due to a change in nutrient quality
is accompanied by a large change in [X]. The ultrasensitivity assures that returning
[X] to approximately the same reference [X] by changing the levels of [M1] and [M2]
implies that the system remains very close to optimality. Summarising, a change in
nutrient quality brings about a large % change in [X] even when the flux has changed
only by a few percent. Next, gene expression brings [X] approximately back to its
old value with a precision of a few %. Eventually, the system is at a new steady state
where again [X]/KM2 is high, [X]/KI1 is low, and J/[M]tot is again optimal. This
is the mechanism that explains the robustness with respect to kinetic parameters
(Figure 6.6) and environmental conditions (Figure 6.2) of the full growth model. An
analytical solution for this model (Appendix 6.B) gives a more detailed insight in the
exact origin and requirements for this robustness.

With the knowledge from the previous paragraphs, one might conclude that the
amino-acid or charged-tRNA pool, which corresponds to the pool of the intermediate
X in the minimal model, could be a good signal for regulating resource allocation
between catabolic and anabolic proteins. We use the second minimal model to
illustrate that this is not the case, due to the fact that multiple, independent amino-

132



Optimal regulation of ribosome expression

acid biosynthesis pathways converge in this pool. Instead, using uncharged-tRNA
(bound to the ribosome) is a much better signal for ribosome under- or overexpression.

To illustrate this assertion, we consider a second model that has one synthesis
reaction more than the first model: two metabolites, Xa and Xb, are produced by
M1a and M1b, respectively, and are consumed by M2 (Figure 6.5D). (Xa and Xb
now represent different amino-acid species, and M1a and M1b different amino-acid
synthesis pathways.) We assume that product inhibition is weak, i.e., KaI � K2M and
KbI � K2M, making sure that at the optimal expression levels M2 will operate close to
its maximal rate, and M1a and M1b close to their uninhibited rates. If M2 is limiting, all
intermediate levels will be very high. However, if one of the intermediate producing
pathways is limiting, only the concentration of that pathway’s product will be low.
Since the consumption of all metabolites is stoichiometrically coupled (for proteins
the stoichiometric coefficients equal the average amino-acid composition), all non-
limiting metabolite levels will be high (Figure 6.5F; also see Elf and Ehrenberg [176] for
a detailed discussion on the accumulation of non-limiting amino-acid). Hence, neither
Xa nor Xb are reliable signals for the global regulation of M2 expression relative to
M1a and M1b, since high concentrations of either intermediate do not necessarily
imply that M2 is limiting.

The degree of inefficiency of M2, defined as 1 � v2/(k2[M]2), is a good signal. Fig-
ure 6.5F shows that it responds ultrasensitively to sub-optimal levels of M2, irrespec-
tive of the relative abundances of the supply pathways. There are several reasons for
this. Most importantly, it is sensitive to deficiencies in either Xa or Xb. As soon as one
becomes limiting, the degree of inefficiency. Moreover, in the optimum, M2 is oper-
ating close to its maximal rate, and the degree of inefficiency is thus very small. A
small change in the rate of M2, e.g. because either Xa or Xb become limiting, leads to
a large relative change in the degree of inefficiency. For example, suppose that in the
optimum M2 is 95% saturated, i.e. the degree of inefficiency equals 0.05. If the system
is slightly displaced from its optimum, e.g. such that either Xa or Xb becomes limit-
ing and the saturation of M2 decreases to 90%, this would lead to 2-fold change in the
degree of inefficiency.

Translating this to E. coli, uncharged tRNA bound to the ribosome is a measure for
ribosome inefficiency, and hence the most suitable signal to detect deviations from
optimality. However, there is an additional effect in E.coli, which is absent in the
reduced model, that further amplifies the ultrasensitivity of the uncharged-tRNA
ribosome complex. When a particular amino-acid becomes limiting, ribosomes will
tend to stall at the conjugate codon. As a result, there are more sites for the uncharged
tRNA to bind to, and the ultrasensitivity is further enhanced (Figure 6.9).
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Figure 6.5. Minimal models that achieve optimal protein partitioning to maximise metabolic pathway
flux per total invested protein. A. The metabolite X is synthesised by metabolic enzyme M1, at a rate
proportional to [M1] and depending on the environmental nutrient availability. This rate is inhibited by its
[X]. Module M2 consumes X with a rate that is a saturation function of [X] and proportional to [M2]. The
total amount of protein resources is limited: [M1] + [M2] = [Mtot] = constant. M1 and M2 are degraded
at a rate proportional to their concentration, and M1 is under repressor control of X (not shown in this
figure). See Appendix 6.B for a mathematical description of the model. B. At large values of the ratio of the
product inhibition constant (KI1) over the Michaelis constant (KM2) the optimal protein fraction of M2 that
maximises the flux J becomes proportional to the optimal flux value. C. When feedback inhibition is weak
(i.e., KI1/KM2 is large; here we use a value of 1000), Jopt is attained when v1max ⇡ v2max . Then, v1 and v2
are both operating near their maximal rate and are insensitive to changes in [X]. As a consequence, a small
change in either [M1] or [M2] brings about a large change in [X]QSS. Here, [M1]opt = 0.5 and [X]QSS ⇡ 32.
Increasing [M1] to approximately 0.51, such that J = 0.99Jopt gives [X]opt ⇡ 70, a more than 2-fold increase.
Hence, repressor control of [M1] transcription rate leads to robust, optimal regulation (cf. Figure 6.8) D.
Model of two converging pathways. Both metabolites Xa and Xb are required as a substrate for M2, and
have weak feedback inhibition (i.e. K1a and K1b are much larger than KM2a and KM2b, respectively). E.
Because consumption of Xa and Xb are stoichiometrically coupled, the non-limiting metabolite (here Xb)
remains high, even when M2 is higher than optimal. Hence, the metabolites are not a reliable signal
for deviations from optimality. F. The degree of inefficiency of M2, defined as 1 � v2/Vmax,2, responds
ultrasensitively to deviations from optimality. This behaviour does not depend on the relative rate of Xa
and Xb synthesis. Hence, this is a suitable regulatory signal.

6.3 Discussion

Lessons for fast-growing bacteria in general

Extrapolation of E. coli’s strategy for growth rate maximisation to other fast-growing
bacteria suggests that three closely related conditions are met by this class of bacte-
ria: i) they are expected to have high ribosome content, ii) since overexpression of
abundant proteins has a high fitness penalty, ribosomes are expected to be highly sat-
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urated with substrate, and iii) to achieve the last feature robustly across conditions, a
regulatory system is active that regulates ribosome content and keeps the ribosome
saturation degree high across conditions. This is likely attained by using the ineffi-
ciency of translation as a signal for ribosome overexpression.

The relation between growth rate and ribosome content is generally linear across
bacteria, even for slow growing bacteria, but slower growing bacteria can have similar
ribosome mass fraction as fast growing bacteria (Figure S1 in [27] and see also Cox
[162, 163]). The linearity occurs when two conditions are met across conditions: i)
the total cellular protein concentration is roughly fixed, ii) the translation elongation
rate is fixed, which implies that the saturation of the ribosome with substrate is
maintained fixed. Scott et al. [27] reports the ribosome growth rate relation for Euglena
gracilis which has a maximal growth rate that is over 20 times lower than E. coli
while its ribosome content is only about 2 fold lower. Cox [163] reports similar data
for Streptomyces coelicolor. These studies indicate that the peptide chain elongation
rate is likely lower for E. gracilis and S. coelicolor ribosomes. Also for bacteria that
grow slow but at high ribosome content it is expected that they actively prevent
ribosome overexpression. Since, linear relations are found between the growth rate
and ribosome content of these bacteria it is likely that they robustly control the
saturation degree of ribosomes as E. coli does.

Little is known about how other bacteria regulate their ribosome levels. Perhaps
the best understood example is Bacillus subtilis. It exploits a similar mechanism as
E. coli. Also, in this organism ppGpp is produced in response to uncharged tRNA
bound ribosome [177]. However, the concomitant drop in GTP (and rise in ATP)
causes a direct reduction in ribosomal promoter activity and rise in catabolic promoter
activity due to the direct roles of ATP and GTP in transcription initiation. In E. coli,
transcription initiation of ribosomal genes is dependent on the energy status of the
cell via the dependency of the transcription initiation rate on the concentrations of
ATP, GTP, FIS and H-NS [170]. When the energy status is low at the onset of stationary
phase, ATP and GTP levels drop causing a reduction in the transcription initiation
rate of ribosomal genes from P1 promoters. The reverse occurs at the outgrowth
from stationary phase when NTPs levels rise. At nutrient changes during exponential
growth, ATP and GTP concentrations remain homeostatic in E. coli, and therefore
ppGpp-mediated control is dominant [178]. In B. subtilis [177] transcription regulation
of ribosomal promoters is ppGpp independent and is achieved by regulation by the
GTP concentration. When this concentration is high transcription initiation occurs.
Synthesis of ppGpp during ribosome excess causes GTP to drop and inhibit ribosomal
gene expression, while degradation of ppGpp during ribosome shortage causes GTP
to rise and activate ribosomal gene expression. In Thermus thermophilus, a similar
control mechanism has been proposed [179]. It appears that B. subtilis and E. coli share
the same growth rate control strategy and both match their ribosome concentration to
the growth demand. While both use different molecular mechanisms, they effectively
monitor the same signal, uncharged tRNA bound to the ribosome.

In S. cerevisiae, the molecular players leading to the adjustments in growth rate are
very different from those in E. coli and B. subtilis [180]. Yet, at a coarse-grained level
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the general control strategy appears very similar. The transcription factor GCN4p
plays in many ways a similar role as ppGpp. When high in concentration, GCN4p
induces transcription responses to nutrient and amino acid starvation. The translation
of GCN4 transcripts is regulated at translation initiation by Gcn2p, a kinase, which
is either activated by direct sensing of amino-acid limitation at the ribosome or via
other kinases, such as PKA, involved in nutrient-limitation (or stresses) [180, 181].
The former mode is a “RelA-type activation” whereas the latter is of a “SpoT-type
activation”. Gcn2p binds to the ribosome and is activated through phosphorylation
by a ribosome-bound protein complex Gcn1p/Gcn20p that becomes active itself when
an uncharged tRNA binds to the A-site of the ribosome. Again, we see an activation
of amino-acid starvation that is dependent in activity to the drop in the saturation
degree of ribosome.

Conclusion

Basic principles of enzyme kinetics, bacterial metabolism and selective pressure on
growth rate maximisation indicate that highly abundant enzymes should be precisely
tuned in concentration to prevent overexpression and waste of valuable resources.
Fast-growing bacteria have high ribosome concentrations to achieve the high protein
synthesis rates accompanying high growth rate. In fact, the ribosome is amongst the
most abundant enzymes in E. coli and likely also in other fast growing bacteria. To
maximise the return of resource investment in ribosome synthesis, ribosomes should
be highly saturated with their substrates and this should be achieved robustly across
environmental conditions. Combined with a nearly-fixed elongation rate constant,
all of this leads to the observed linear relation between growth rate and ribosomal
protein fraction. This linear relation thus suggests that E. coli aims to maximise its
growth rate. Our mathematical models have shown that this is achieved across condi-
tions by the ppGpp-regulatory mechanism, which adjusts the ribosome concentra-
tion in such a way that the ribosome remains highly saturated with substrate across
conditions. The kinetic requirements for this (close-to) optimal behaviour are surpris-
ingly simple: i) close to optimal behaviour makes the concentration of uncharged-
tRNA/ribosome complex and, subsequently, also the ppGpp concentration ultrasen-
sitive to a deviation from the optimal ribosomes level; ii) as such the concentration of
uncharged-tRNA/ribosome complex and ppGpp “measure” the degree of ribosome
undersaturation with substrate (i.e. 1 � vribo

Vmax,ribo
); iii) this “information” is used to ad-

just the transcription activity of ribosomal promoters via simply negative feedback;
and iv) this continues until the concentration of uncharged tRNA/ribosome complex
has achieved its reference concentration and the activity of the ribosome at a high
saturation degree is restored (of over 80%).
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6.4 Materials and methods

E. coli growth model

Here, we will give a general outline of our model of E. coli physiology, growth, and
its regulation. For a detailed derivation and mathematical description of the model
we refer to the Supplementary Information.

We only take metabolic proteins (m-proteins), ribosomal protein (r-protein) and ri-
bosomal RNA (rRNA) into account. Our model can be conceptually divided into
three modules. Firstly, there is amino-acid metabolism and protein synthesis. Twenty
different amino-acid species are synthesised by the m-proteins. Changes in environ-
mental conditions are modelled by changing the average catalytic efficiency of
amino-acid synthesis, kn. The amino-acids are added to their conjugate tRNA’s to
form aminoacyl-tRNAs. These serve as the substrate for biomass synthesis, which is
catalysed by ribosomes, consisting of r-protein and rRNA. As new biomass is being
synthesised, it also needs to be diluted out due to growth. By definition, this dilution
rate is the specific growth rate µ, and it is equal to the rate of biomass synthesis per
unit biomass. Besides on kn, the rate of biomass formation depends on the relative
amounts of r-protein and m-protein. The steady state levels of these, in turn, depend
on the fraction of ribosomes synthesising either r-protein or m-protein. Secondly,
there is the signalling of the intracellular state to the translational machinery by the
signalling molecule ppGpp. ppGpp is synthesised by RelA, which is activated by un-
charged tRNA binding to the ribosome. Degradation of ppGpp is modelled as by
first order kinetics, the efficiency of which is assumed to be constant. As such, ppGpp
levels reflect uncharged tRNA bound to ribosome levels, and it signals amino-acid
deficiencies. Thirdly, there is the synthesis of rRNA, which is inhibited by ppGpp.
Since r-protein synthesis is tightly regulated to match rRNA synthesis, ppGpp indi-
rectly inhibits r-protein synthesis. This, in turn, frees up ribosomes for the synthesis
of m-proteins. In effect, ppGpp redirects biosynthetic resources from r-protein
synthesis to m-protein synthesis.

The dynamics of this system are described by a system of ODEs. Together, these
three modules form a closed system. Given a certain environment, the system will
autonomously evolve to a steady state, where the time derivative of all species in the
model (including those of ribosomes and metabolic enzymes) are equal to 0.

Model Analysis

All models were analysed using Mathematica 10.0 (Wolfram Research). For the E. coli
growth model, steady states are first approximated by integrating the ODEs forward
in time using the NDSolve function, and then FindRoot to find the actual steady
state. For the minimal models, steady states were calculated by setting the time
derivatives equal to zero and (numerically) solving the obtained system of equalities
using the Mathematica (N)Solve function. Since the dynamics of the metabolic part
of all model are much faster than that at which the biomass concentration changes, a
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quasi steady state (QSS) can be defined as the steady state of metabolism for a fixed
r or mi value. Optimal states were calculated by maximising the growth rate/flux
under the constraint that the system is in QSS, using the Mathematica Maximize or
FindMaximum function.
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Appendices

6.A Formulation of E. coli growth model

General model overview and definition of growth rate

In our course-grained model of E. coli-growth we only take proteins and rRNA into
account. This means that the total rate of biomass formation is just the sum of the rate
of rRNA synthesis and proteins, i.e. vrRNA + vprotein. In order to maintain a constant
biomass density, biomass also needs to get diluted out. By definition, this dilution
rate is equals the (steady state/balanced) growth rate µ. In our model, we neglect
protein and stable rRNA degradation. This means in balanced growth:

0 =
d
dt

(rRNA + p)

= vrRNA + vribosome � µ · (rRNA + p)

) µ =
vrRNA + vribosome

(rRNA + p)

Where p is the protein concentration in µM-amino-acids, rRNA the rRNA concentra-
tion in µM-nucleotides, and vribosome and vrRNA are the cellular translation and
(rRNA) transcription rates, respectively. In balanced growth, the time derivatives of
protein and rRNA concentration individually are zero, which implies

µ =
vribosome

p
=

vrRNA
rRNA

. (6.1)

In our model, we assume the protein density of the cell to be constant and growth
rate independent [151]. This has two implications. Expression of ribosomal protein
(r-protein) goes at the expense of metabolic protein (m-protein) and vice versa (cf.
6.A for details) and in order to calculate the growth rate we only need to calculate
vribosome.

Our model can be decomposed into three main modules. Firstly, the metabolism
of amino acid and synthesis of new biomass, which describes the actual growth of
the cell. Secondly, the metabolism of ppGpp, which regulates the third module, the
synthesis of rRNA and, indirectly, that of ribosomal protein. While there are many
factors influencing the cells physiology, it has recently become clear that the ppGpp
can account for the majority of E. coli growth rate control [182]. Therefore, in our
model we focus on the regulation of ribosome synthesis by ppGpp.

All but two parameters used in our model are based on literature values. They are
summarised in Table 6.1

Amino-acid metabolism and polypeptide synthesis

Our model of amino-acid metabolism is mainly based on the model developed by
[176]. In this model, each amino acid species ai is synthesised at a rate vai by metabolic
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“pathway” mi. The amino-acids are then added to a free, conjugate tRNA ti to form a
“charged” tRNA tai, by amino-acetyl tRNA synthetase at a rate vtai . Charged tRNA is
consumed in protein elongation. The rate of tai consumption is equal to the total rate
of protein formation times the fraction that ai appears in the total protein composition,
fi. Amino-acid metabolism and protein synthesis are then described by the following
system of equations:

dai
dt

= vai � vtai , (6.2a)

dtai
dt

= vtai � fi · vribosome, (6.2b)

ttoti = tai + ti (6.2c)

where ttot is the total amount of tRNA conjugate to ai. The rate equations are given
by:

vai = kni · mi · 1
1 + ai/KI

, (6.3a)

vtai = kSi · Stoti ·
ti

KMti

ai
KMai

ti
KMti

+ ai
KMai

+ ti
KMti

ai
KMai

(6.3b)

vribosome = krib · r ·
 

1 + Â
i

fi(
kta
tai

+
ti
tai

kta
kt

)

!�1

, (6.3c)

A derivation of the rate constant for protein elongation (vribosome) can be found below.
Here, kni is maximal specific rate of amino acid synthesis under the prevailing envi-
ronmental conditions, and summarises in one term the catalytic efficiency as well as
the extracellular nutrient quality, nutrient concentrations, etc. KI is the feedback inhi-
bition constant for amino-acid synthesis, Stoti is the concentration of aminoacyl-tRNA
synthetase and kSi its kcat, KMai and KMti are the Michaelis-Menten constants for
amino-acids and uncharged tRNA, respectively. r Is the concentration of ribosomes,
krib is the kcat of protein elongation and kt and kta are the dissociation constants of
charged and uncharged tRNA from the ribosome, respectively.

The regulation of amino-acid biosynthetic pathways appears to be such that
they are well balanced [176, 183, 184]. Therefore, unless stated otherwise, we will
assume that the relative rates of amino-acid synthesis, vai , are nearly equal. This
implies that all kni · Ei/ fi are equal. We implement this by setting fi = 1/20, and
Ei = 1/20 · [m � protein] and kni = kn · hi, where hi is sampled from a log-normal
distribution with a mean of 1 and a standard-deviation of 0.15. Our conclusions
do not critically depend on the assumption that amino-acid synthesis rates are well
balanced (not shown).

Derivation of the rate-equation of protein elongation Here, we derive the rate of
protein elongation as a function of the concentration of all charged tRNA concentra-
tions. We will derive a rate equation similar to that obtained by [52], but with binding
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of uncharged tRNA taken into account. We assume most ribosomes are in the process
of elongation, i.e., mRNA is not limiting translation.

The total amount of ribosomes programmed for amino-acid species i at any given
time is subject to the following relation:

rtai =
r fi · tai

kta
, (6.4a)

rti =
r fi · ti

kt
, (6.4b)

ri = r f i + rti + rtai (6.4c)

where ri is the concentration of ribosomes with an A-site programmed for amino-
acid i; rtai , rti and r fi refer to ribosomes with a charged, uncharged and free A-sites,
respectively; and kta and kt are the dissociation constants of binding of charged and
uncharged tRNAs to the ribosome, respectively. Note that Âi ri = r. Plugging 6.4a
and (6.4b) in (6.4c), solving for r fi and substituting back the results gives the following
dependencies of the ribosomal states on the amount of charged and uncharged tRNA.

rtai = r · ri · tai/kta
1 + tai/kta + ti/kt

(6.5a)

rti = r · ri · ti/kt
1 + tai/kta + ti/kt

(6.5b)

r f i = r · ri · 1
1 + tai/kta + ti/kt

(6.5c)

where ri ⌘ ri/r. For convenience we introduce the notation si ⌘ tai/kta
1+tai/kta+ti/kt

. Thus,
si is the degree to which ri is saturated with charged tRNA.

Since consumption of all charged tRNAs is stoichiometrically coupled, we have
the relationship

vribosome =
vri

fi

= krib · r · ri · si
fi

) ri =
fi
si

vribosome
krib · r

where vri is the rate ai consumption in protein formation. Summing over all i allows
to write vribosome in terms of s

vribosome = krib · r · 1
Âi fi/si

= krib · r ·
 

1 + Â
i

fi(
kta
tai

+
ti
tai

kta
kt

)

!�1

(6.6)
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ppGpp metabolism

Guanosine tetraphosphate (ppGpp) is synthesised from the precursors GTP and ATP⇤.
E. coli has two enzymes capable of synthesising ppGpp: RelA and SpoT. However,
SpoT has a dual activity since it is also the sole enzyme hydrolysing ppGpp back to
GDP. Thus, ppGpp metabolism is described by the following ODE:

dppGpp
dt

= vRelA + vSpoT,synthesis � vSpoT,degradation (6.7)

Amino-acid-deprivation related ppGpp-synthesis mainly depends on RelA [185].
Therefore, we model ppGpp synthesis by SpoT as (low) constant background rate.
Degradation of ppGpp by SpoT is modelled by first order kinetics, i.e. SpoT saturation
is ignored.

RelA synthesises ppGpp in response to uncharged amino-acids in the ribosomal A-
site [186, 187]. The simplest model to describe this is the equilibrium-binding model,
where ppGpp synthesis is proportional to the amount of RelA bound to ribosomes
with a uncharged tRNA. Since the RelA concentration is much lower than the total
number of starved A-sites, we have:

vRelA = kRelA · RelAtot · rttot /KDRelA
1 + rttot /KDRelA

(6.8a)

vSpoT,synthesis = constant, (6.8b)

vSpoT,degradation = kSpoT · ppGpp (6.8c)

Recently, based on single molecule measurements, it has been suggested that RelA
does not synthesise ppGpp when bound on the ribosome, but that it is active when it
is freely diffusing in the cytoplasm, and that uncharged tRNA increases the fraction
of freely diffusing RelA [188]. However, since 6.8a can be interpreted as a phe-
nomenological description of ppGpp synthesis by RelA in response to uncharged
tRNA, the actual mechanism does not affect the parameters, but only their
interpretation.

Regulation of rRNA and r-protein synthesis

In our model, we only consider two kinds of proteins: ribosomal and metabolic
proteins†. Their synthesis rates, vr�protein and vm�protein respectively, are not indepen-
dent since Na,r · vr�protein + Na,m · vm�protein = vribosome. We assume that ribosomes
are not degraded, but only diluted out due to growth. This gives rise to the following
ODE for ribosome concentrations.

dr
dt

= vr�protein � µ · r (6.9)

⇤through the intermediate formation of guanosine pentaphosphate, pppGpp.
†Obviously, there are also other proteins in the cell. However, this effect can be absorbed in the effective

rate constant of amino-acid synthesis, kn. If a larger fraction of the non-ribosomal proteins is not involved
in catabolism, this can be modelled as a reduction kn since this implies a lower rate of amino-acid synthesis
per unit enzyme
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Similarly, the dynamics of m-protein are given by ṁ = vm�protein � µ · m and by
definition we have p = Na,r · r + Na,m · m. This means that ṗ = Na,r · ṙ + Na,m · ṁ =
vribosome � µ · p = 0, i.e., the protein content of the cell remains constant. This is not a
constraint on the model, but it follows directly from the definition of the dilution rate.
It has the important consequence that we can express m in terms of r and p:

m =
p

Na,m

✓
1 � Na,rr

p

◆
(6.10)

where the Na,r · r/p term can be interpreted as the mass fraction of ribosomal protein
over total protein.

The rate of r-protein synthesis is tightly matched to the rate of rRNA synthesis
[171]. Furthermore, elongation factors EF-Tu and tRNA levels are maintained at a
constant ratio with ribosome levels [189, 190]. Regulation of rRNA expression occurs
primarily on the level of transcription initiation [171, 189, 191, 192]. Therefore, the
regulation of the entire of protein elongation machinery occurs primarily at the level
of rRNA transcription initiation‡. Since each transcription of a rrn-operon gives rise
to one ribosome, the rate of ribosome synthesis is equal to the total rRNA initiation
rate, vrrn, dived by the cellular volume times the Avogadro constant NAv. Because the
rate of r-protein cannot exceed the total rate of protein synthesis, we “manually” set
the maximal rate of r-protein synthesis to 0.8 times the total rate of protein synthesis,
i.e.:

vr�protein = min
✓

vrnn
Vcell · NAv

, 0.8 · Nr,a · vribosome

◆
. (6.11)

This constraint is never active when the system is in steady state, but only when r is
(considerably) below its steady state value.

E. coli has 7 rRNA operons, each under the control two promoters called P1 and
P2. Both are mainly controlled by ppGpp and initiating nucleotide (iNTP) [191, 192].
iNTPs are mainly involved in regulation upon entry and exit from stationary phase
[192]. Since we are considering exponentially growing cells, and ATP concentrations
do not vary with growth rate [178] and appear to be sufficiently high to saturate the
promoter [194], we do not take this regulation into account in our model.

Contrary to most transcription factors, ppGpp does not bind to DNA but interacts
directly with RNA polymerase (RNAP) [195]. In order to exert its regulatory role,
ppGpp requires the small protein DskA; Ddksa strains do not exhibit growth rate
control or respond to amino acid starvation [169]. However, the concentration of DksA
does not vary under a variety of conditions [169]. Therefore, we do not model DksA
explicitly, but its effect is absorbed in the phenomenological parameters describing
rrn-transcription initiation.

While the details of how ppGpp regulates the rate of rrn-transcription are still
unclear, a consensus is building that ppGpp inhibits transcription from ribosomal
promoters [185]. There are two (not mutually exclusive) models of how ppGpp acts

‡This might be a somewhat simplistic representation, e.g., ppGpp is also known to regulate r-protein
synthesis directly [193]. However, we use it as sensible first order approximation.
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[168]. The first model of regulation by ppGpp involves the stability of the open
complex formed on DNA by RNAP during transcription initiation. ppGpp decreases
the lifetime of open complex formed at all promoters. Since rRNA promoters form
extremely short-lived open complexes, this selectively inhibits rRNA transcription
[196, 197]. The second model is referred to as sigma-factor competition. Sigma factors
program RNAPs to initiate transcription for particular classes of genes. Transcription
of rrn-operons requires RNAP programmed with the housekeeping sigma factor, s

70.
Alternative sigma factors (sS, s

32 and s

54) require the ppGpp to effectively compete
against s

70 for RNAP [198, 199]. This suggests that ppGpp decreases the availability
of s

70-programmed RNAP and hence inhibit vrrn. In both models, a decrease in
the rate of rRNA and r-protein synthesis frees up resources for synthesis of other
macromolecules.

The rate of rrn-transcription initiation can be modelled by a Michaelis-Menten ki-
netics [53, 200], where the rate is dependent on the concentration of available free
RNAP (RNAPF). The effect of ppGpp on transcription initiation can then be mod-
elled as an effect on the parameters of the rate equation for transcription initiation.
Destabilisation of open complex formation increases the average time a transcription
initiation event takes and hence affects the Vmax, but not the KM, of transcription initi-
ation [200]. We model this by multiplying the Vmax with a factor
(1 + ppGpp/Ki,ppGpp)

�1.

vrrn = Vmax,rrn · RNAPF
KMrrn + RNAPF

· 1
1 + ppGpp/Ki,ppGpp

(6.12a)

Unless stated otherwise, this is the model we use. Sigma-factor competition can be
modelled by reduction in RNAPF. Using this as a model for the regulation of vrrn
gives nearly identical results (not shown).
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Table 6.1. Overview of parameters.

Parameter Value Unit Reference Description

Amino acid metabolism

KI 100 µM [176, 201] Feedback inhibition constant for
amino acid synthesis

Stoti 1 µM [176, 202] Total concentration of aminoacyl-
tRNA synthetase for ai

kSi 100 s�1 [176, 202] kcat of aminoacyl-tRNA syn-
thetase

KMai 100 µM [176, 203] Michaelis-Menten constant of
aminoacyl-tRNA synthetase for
amino-acids

KMti 1 µM [176, 203] Michaelis-Menten constant of
aminoacyl-tRNA synthetase for
uncharged tRNA

Protein elongation

krib 20 s�1 [151] kcat of protein elongation.
kta 1 µM [176, 204] Dissociation-constant of charged

tRNA-ribosome complex
kt 500 µM Assumed Dissociation-constant of un-

charged tRNA-ribosome complex
ttoti 0.5 · r µM [151] Total tRNA conjugate to ai. tRNA

is proportional to ribosomes, with
Âi ttoti /r = 10 calculated from Ta-
ble 3 in [151]

ppGpp metabolism

RelAtot 1/15 µM [188, 205] RelA concentration
kRelA 75 s�1 [206] kcat of ppGpp synthesis by RelA
kDrelA 0.26 µ M [187] Concentration of uncharged tRNA

that leads to half maximal ppGpp
production

vSpoT,synthesis 10�3
µM/s Assumed Rate of ppGpp synthesis by SpoT

kSpoT,deg ln(2)/30 s�1 [191] Half-life time of ppGpp after up-
shift is approximately 30 s

Ribosome synthesis

kIppGpp 1 µM [169] Inhibition constant of rrn synthe-
sis for ppGpp

Continued on next page
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Table 6.1 – Continued from previous page
Parameter Value Unit Reference Description

Vmax,rrn 2000 s�1 [53] Maximal rrn initiation rate, based
on promoter strength of 100 and
KMrrn = 20

KMrrn 20 µM [53] Michaelis-Menten constant of rrn-
promoters for RNAPF

RNAPF 1 µM [53] Free RNAP concentration

Other

Vcell 2.5 · 10�9
µL [207] Cell volume

Na,cell 15 · 108 - [151] Number of amino acids per cell
Na,r 12307 - [139, 208] Number of amino-acids per ri-

bosome, including affiliates (e.g.
elongation factors)

Na,m 300 - [139] Average number of amino-acids
in a protein (BNID:100017)

p 106
µM - Protein concentration (in terms of

amino-acids: Na,cell/(Vcell · Nav)
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Table 6.2. Overview of Variables.

Symbol Unit Description

Variables

rRNA µM-nucleotides rRNA-concentration
r µM Ribosome concentration
m µM Metabolic enzymes concentration
mi µM Concentration of “metabolic” enzymes

synthesising ai (Unless stated otherwise,
mi = m/20)

kni s�1 Effective maximal rate of amino acid syn-
thesis per unit mi.

ai µM Free amino-acid i concentration
ti µM Free tRNA conjugate to ai concentration
tai µM tRNA charged with ai concentration
ri µM Total concentration of ribosomes with an

A-site programmed for ai
r fi µM Ribosomes with a free ai-programmed A-

site
rtai µM Ribosomes with charged tRNA in an ai-

programmed A-site
rti µM Ribosomes with uncharged tRNA in an ai-

programmed A-site
rttot µM Total concentration of uncharged tRNA

bound to ribosomes: Âi rti
ppGpp µM Concentration of ppGpp

Rates

vribosome µM-amino-acids/s Total rate of protein formation
vrRNA µM-nucleotides/s Total rate of rRNA formation

vai µM/s Rate of ai synthesis
vtai µM/s Rate of amino-acetyl tRNA i synthetase

vRelA µM/s RelA catalysed ppGpp synthesis
vSpoT,synthesis µM/s SpoT catalysed ppGpp synthesis

vSpoT,degradation µM/s SpoT catalysed ppGpp hydrolysis
vr�protein µM/s Ribosomal-protein synthesis rate
vm�protein µM/s Metabolic-protein synthesis rate

vrrn initiations/s Total rrn transcription-initiation rate
µ s�1 Dilution rate

Doubling rate doubling/hour µ · 3600
ln(2)
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6.B Minimal models

Linear pathway model

The two-component “linear pathway” model is described by the following ODEs:

dx
dt

= v1 � v2, (6.13a)

dm1
dt

=

✓
1

1 + x/KR
� m1

◆
t

�1, (6.13b)

where

v1 = k · m1 · 1
1 + (x/kI)

, (6.14a)

v2 = m2 · x
1 + x

. (6.14b)

For convenience we have expressed everything in dimensionless quantities: m1 ⌘
[M1]/[Mtot] is the relative amount of M1. This implies m2 = 1 � m1 and d

dt m2 =

� d
dt m1. The intermediate metabolite concentration is normalised to the Michaelis-

Menten constant of M2, x ⌘ [X]/KM,2. The catalytic parameter k ⌘ kcat,1/kcat,2
describes the catalytic efficiency of M1, normalised to that of M2. We assume that
kcat,2 is constant. However, kcat,1 is defined as the maximal turnover rate of M1,
given the prevailing environmental conditions. A higher k implies that more or
“better” substrate is available. The inhibition parameter kI is the ratio of the inhibition
constant of x on M1 to KM,2, kI ⌘ KI,1/KM,2. The regulation parameter KR gives the
concentration of x where the synthesis rate of m1 is half-maximal. The timescale at
which m1 and m2 are regulated is set by t, but t has no effect on any steady state
outcomes. Throughout, only the quasi steady state-limit (t � 1) was considered, and
hence this parameter is irrelevant. Unless stated otherwise, the following parameter
values were used: k = 1, kI = 1000 and KR =

p
1000.

Analytic solution of the linear pathway model

In order to clarify the exact requirements for robust, optimal regulation, here we will
give (approximate) analytical solutions of the model described in equation (6.13).

Estimation of the quasi-steady state For each value of m1 (and thus m2), there is
a unique intermediate concentration, xQSS, such that the system is in quasi steady
state, i.e. dx

dt = 0 but not necessarily dm1
dt = 0. Solving this gives the following relation

between m1 and xQSS
§ :

m1 =
x

1+x
x

1+x + k
1+ x

kI

=
1

1 + k 1+x
x
⇣

1+ x
kI

⌘
(6.15)

§For convenience, we drop the QSS subscript in the following
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If the system is in an optimal state, it must hold that dJ
dx = 0. Plugging (6.15) in (6.14),

and solving this, gives:
xopt =

p
kkI , (6.16)

and, plugging (6.16) in (6.15),

mopt
1 =

1

1 + k 1+
p

kkI
k+

p
kki

. (6.17)

Note that, in the limit kI � 1, we have that x
1+x ⇡ 1 and 1

1+x/kI
⇡ 1, meaning that

both v1 and v2 are near their maximally attainable rate. Also note that, in this limit,
mopt

1 ⇡ 1
1+k and mopt

2 = 1 � mopt
1 ⇡ k

1+k , which implies v1max ⇡ v2max ⇡ k
1+k .

From (6.15) we can calculate the change in x when m1 is perturbed:

dx
dm1

=

✓
dm1
dx

◆�1
(6.18)

=

⇣
k(1 + x) + x(1 + x

kI
)
⌘2

k
⇣

1 + x
kI

(2 + x)
⌘ (6.19)

In the optimum, where x =
p

kkI , this reduces to:

dx
dm1

����
x=xopt

= kI(1 + k) + 2
p

kkI , (6.20)

which is large in the limit kI � 1. Hence, a small deviation from optimality of m1
leads to a large change x.

Estimation of the steady state The temporal dynamics of m1 are given by equation
(6.13b). Suppose we have that vmax1 6= vmax2, i.e. the system is not (nearly) optimal.
The quasi steady state condition tells us that vmax1

vmax2
⌘ 1 + D = x(1+x/kI)

1+x , where we
have introduced D as a measure of the difference between vmax1 and vmax2. For future
reference, m1 and D are related as follows:

m1 =
1 + D

1 + k + D
. (6.21)

Solving x as a function of D gives:

x =
1
2

kID +

s

kI + kID +

✓
kID

4

◆2
. (6.22)

There are now two different cases, either m1 > 1
1+k ⇡ m1opt and D > 0, or m1 < 1

1+k
and D > 0.
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We will first consider the D > 0 case. Here, since kI >> 1, the term in the square
root is dominated by the (kID/2)2 term, we can ignore the rest, and we have that:

x ' kID, when D > 0. (6.23)

Thus, x is large (in of the order of kI).
If D < 0, the first term in (6.22) is negative. In that case, the term under the square-

root is approximated by kI |D|
2

⇣
1 + 2(1+D)

kI D2 � O(k�1
I )
⌘

¶, and hence almost cancels the
negative term. We thus have:

x / �1 + D
D

, when D < 0. (6.24)

We are now in the position to make an estimate of the steady state of m1, for a
given regulatory feedback constant. Let us start by estimating what the maximal m1
steady state concentration will be, for a given regulation inhibition strength. Plugging
equation (6.23) in (6.13b) and solving the steady state,

1
1 + DkI/KR

� 1 + D
1 + k + D

= 0,

gives us an upper bound on D because it gives an upper bound on x. The solution is:

D ' 1
2

 
�1 +

s

1 +
4kKR

kI

!
⇡ kKR

kI
(6.25)

This is very small if KR ⌧ kI . The interpretation of this is as follows: If the inhibition
of m1 synthesis by x is strong enough such that KR � kI , we are guaranteed to not
have over-expression of m1. This relation gives us a lower bound on the sensible
regulation-inhibition strength. Similarly, for the lower bound we plug (6.24) in (6.13b)
and we have to solve

1
1 � (1 + D)/DKR

� 1 + D
1 + k + D

= 0,

which has the solution:

D ' 1
2

✓
�2 � kKR +

q
4kKR + k2K2

R

◆
(6.26)

Under the condition that KR � 1, this will also be small. In this limit,q
4kKR + k2K2

R = 2 + kKR � 2
kKR

+ O
✓

1
K2

R

◆
, which nearly cancels the �2 � kKR

terms. Concluding, we have that:

1 ⌧ KR ⌧ KI ) � 1
kKR

< D <
kKR
kI

. (6.27)

The deviation from optimality of the steady state value of m1, D, is small if the
regulation feedback constant is much larger than 1 but much smaller than kI .

¶it was used that
p

1 + x ⇡ 1 + x/2 � x/8
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Convergent pathways model

The convergent pathway model is described by the following system of ODEs:

dxa
dt

= v1a � v2, (6.28a)

dxb
dt

= v1b � v2, (6.28b)

dm2
dt

= (g2 � m2)t

�1 (6.28c)

where the rate equations are given by:

v1a = k1am1a
1

1 + xa/kI,a,
(6.29a)

v1b = k1bm1b
1

1 + xb/kI,b
, (6.29b)

v2 = m2
xa

1 + xa

xb
1 + xb

. (6.29c)

g2 ⌘ 1
1 + m0

2/KR2
(6.29d)

Quantities are scaled in a manner similar to that for the linear pathway model: m
x

⌘
[M

x

]/[Mtot], x
x

⌘ [X
x

]/KM,2x

and kI,x ⌘ KI,1x

/KM,2x

. The rate equation v2 typically
describes an enzyme that joins two substrates, where binding of the substrates is fast
and non-cooperatively [209]. However, the particular choice for the rate equation
does not affect the overall qualitative behaviour of the system, provided v2 is a
saturation function of both of its substrate concentrations. Throughout, m1a/m1b is
kept fixed; and m1a + m1b is simply set equal to 1 � m2. Unless stated otherwise the
following parameters were used: k1a = 1, k1b = 1.5, kI,a = 1500, kI,b = 1000 and
KR2 = 1/

p
1000
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6.C Supplementary figures
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Figure 6.6. The regulatory system is extremely robust to perturbations. This figure shows the depen-
dence of the steady state growth rate on the parameters in our model pertaining to the regulation of
ribosome expression by ppGpp. These parameters might influence the growth rate through their influence
on the steady state ribosome concentration. All these parameters can be changed 5 to 10 fold in either direc-
tion, without a noteworthy decrease in growth rate. Hence, this regulatory mechanism is extremely robust.
We consider this a testable prediction of our model. For instance, if it is possible to experimentally ma-
nipulate the RelA concentration, or the strength by which ppGpp inhibits ribosomal rRNA transcription
initiation, this should not affect the growth rate of the cell.
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Figure 6.7. Uncharged tRNA/ribosome complex is the most sensitive signal. This figure shows the quasi
steady state behaviour of a number of potential signals for the regulation of ribosome expression, as a
function of the ribosome concentration. Other signals do not show this ultrasensitive behaviour, and are
thus less suitable for the regulation of ribosome expression.
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Figure 6.8. Robust optimal regulation of reduced model by simple repressor control. The steady state
flux, relative to the optimal steady state flux, as a function of the regulatory parameter KR. There is a large
range of KR-values that lead to (near) optimal fluxes. For details, see sections 6.B and 6.B.
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Figure 6.9. Ultrasensitivity is enhanced because ribosomes stall at limiting codon. The fraction of
ribosomes programmed for each codon, the uncharged tRNA species, amino acid species, and uncharged
tRNA bound to ribosome concentrations, as a function of ribosome concentration. At the optimal ribosomal
concentration (dashed grey line), as one amino-acid species becomes limiting, the conjugate uncharged
tRNA will strongly increase. Moreover, ribosomes will stall at the conjugate codon. Hence, there are more
sites for the uncharged tRNAs to bind to. This further enhances the sensitivity of the stringent response.
Also note that the amino-acids concentrations are much less sensitive to deviations from optimality
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